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Abstract. We prove a function field analogue of the Herbrand-Ribet theorem 
on cyclotomic number fields. The Herbrand-Ribet theorem can be interpreted 
as a result about cohomology with /ip-coefficients over the splitting field of /jp, 
and in our analogue both occurrences of fip are replaced with the p-torsion 
scheme of the Carlitz module for a prime p in Fq[t]. 
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1. Introduction and statement of the theorem 

Let p be a prime number, F — Q(Cp) the p-th cyclotomic number field and 
Pic Of its class group. Then Fp ®z Pic Of decomposes in eigenspaces under the 
action of the Galois group Gal(F/Q) as 

p-i 

Fp ®z Pic Of = (Fp ®z Pic Of) (w") 

n=l 

where w : Gal(F/Q) F^ is the cyclotomic character. 

If n is a nonnegative integer we denote by Bn the n-th Bernoulli number, defined 
by the identity 



expz-1 

n— 

If n is smaller than p then Bn is p-integral. The Herbrand-Ribet theorem [9] |14| 
states that if n is even and I < n < p then 

(Fp (g)z Pic Of) (t^^"") 7^ if and only if p | -B„. 
1 
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The Kummer- Vandiver conjecture asserts that for all odd n we have 

(Fp®zPicOF)(w'"") = 0. 

In this paper we will state and prove a function field analogue of the Herbrand- 
Ribet theorem and state an analogue of the Kummer- Vandiver conjecture. 

Let fc be a finite field of q elements and A = k[t\ the polynomial ring in one 
variable t over fc. Let K be the fraction field of A. 

Definition 1. The Carlitz module is the A-module scheme C over Spec A whose 
underlying fc-vectorspace scheme is the additive group Gq and whose fc[f]-module 
structure is given by the fc-algebra homomorphism 

Lp: A^End(Ga), t ^ t + F, 

where F is the q-th power Frobenius endomorphism of Ga- 

The Carlitz module is in many ways an ^-module analogue of the Z-module 
scheme Gm- For example, the Gal(iir''''P/iir)-action on torsion points is formally 
similar to the Gal(Q/Q)-action on roots of unity: 

Proposition 1 ([T, §7.5]). Let p C A be a nonzero prime ideal, then C[p](X^°P) = 
A/p and the resulting Galois representation 

p: Gal(ii:"'=P/A') ^ (A/p)^. 

satisfies 

(1) if a prime q C A is coprime with p then p is unramified at q and maps a 
Frobenius element to the class in [A/p)^ of the monic generator of c\; 

(2) p(i?oo) = p(/oo) = fc^■ 

(3) p(D,) = p{I,) = {A/pr , 

where the D 's and I 's denote decomposition and inertia subgroups. □ 

Now fix a nonzero prime ideal p C A oi degree d. Let L be the splitting field 
of p. Then L/K is unramified outside p and oo, and p induces an isomorphism 

x:G^GaliL/K)^{A/p)\ 

Let R be the normalization of A in L and Y ~ Spec R. Let Ya be the flat site 
on Y: the category of schemes locally of finite type over Y, with covering families 
being the jointly surjective families of fiat morphisms. 

The p-torsion C[p] of C is a finite flat group scheme of rank q'^ over Spec A. Let 
C[p]^ be the Cartier dual of C[p] and consider the decomposition 

q^-l 

Hi(yfl,c[p]°) = Hi(rfl,qpp)(x") 

of the >l/p-vector space 11^(1%, C[p]^) under the natural action of G. 

Our analogue of the Herbrand-Ribet theorem will give a criterion for the van- 
ishing of some of these eigenspaces in terms of divisibility by p of the so-called 
BernouUi-Carlitz numbers, which we now deflne. 

The Carlitz exponential is the unique power series e(z) € ^^[[z]] which satisfles 

(1) e(z) ^ z + eiz« + e27^^ ^ with G K\ 

(2) e(tz) = e(z)« -Hte(z). 
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The Carlitz exponential converges on any finite extension of Koa and on an algebraic 
closure Koo it defines a surjective homomorphism of ^-modules 

e: i^oo -*C(Xoo) 

whose kernel is discrete and free of rank 1. We define BCn & K hy the power series 
identity 

oo 

^(^) ^0 

If n is not divisible hy q — \ then BCn is zero. If n is less than q'^ then BCn is 
p-integral. 

Theorem 1. Let < n < q'^ — 1 he divisible by q — 1. Then p divides BCn if and 
only if H^{Yf[,C[p]^){x^^^) is nonzero. 

This is the analogue of the Herbrand-Ribet theorem. The proof is given in section 
|4l modulo auxiliary results which are proven in sections |6H9l 

In this context a natural analogue of the Kummer-Vandiver conjecture is the 
following: 

Question 1. I?oes H1(Yh, C[p]°)(x""^) vanish if n is not divisible by q — 1? 

By computer calculation we have verified that these groups indeed vanish for 
small q and primes p of small degree, see ^ However, if one believes in a function 
field version of Washington's heuristics [18, §9.3] then one should expect that coun- 
terexamples do exist, but are very sparse, making it difficult to obtain convincing 
numerical evidence towards Question [T] 

Remark 1. Our BCn differ from the commonly used Bernoulli- Carlitz numbers 
by a Carlitz factorial factor (see for example [Tj §9.2]). This factor is innocent for 
our purposes since it is a unit at p for n < q'^ . 

Remark 2. Let p be an odd prime number, F ~ Q(Cp) and D — Spec Op- Global 
duality |10) provides a perfect pairing between 

Fp ®z Pic D = Ext?,^^ (Z/pZ, Gm,D) 

and 

Hi(i^et,Z/pZ) = Hi(i^fl,Z/pZ). 
The Herbrand-Ribet theorem thus says that (for \ < n < p ~ \ even) 

p I B„ if and only if Y{^{Df,, ^i^){x''-^) ^ 0, 
in perfect analogy with the statement of Theorem [TJ 

Remark 3. The analogy goes even further. In [16J and [ISj we have defined a finite 
A-module H{C/R), analogue of the class group Pic Of, and although we will not 
use this in the proof of Theorem [U we show in Section [TU] of this paper that there 
are canonical isomorphisms 

A/p r^A H{C/R) ^ Hom(Hi(yfl, C[p]D),Fp). 

Remark 4. A more naive attempt to obtain a function field analogue of the 
Herbrand-Ribet theorem would be to compare the p-divisibility of the Bernoulli- 
Carlitz numbers with the p-torsion of the divisor class groups of Y and L (where p is 
the characteristic of k). In other words, to consider cohomology with /j,p-coefficients 
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on the curves defined by the sphtting of C[p]. Several results of this kind have in 
fact been obtained by Goss |6], Gekeler [5], Okada [12], and Angles [2], but there 
appears to be no complete analogue of the Herbrand-Ribet theoreom in this context. 

In the proof of Theorem[T]we will see that the ^-module H-'^(yfl, C[p]^) and the 
group (PicK)[p] are related, and this relationship might shed some new light on 
these older results. 

Remark 5. I do not know if there is a relation between Question [T] and Anderson's 
analogue of the Kummer-Vandiver conjecture [1'. 

Acknowledgements. I am grateful to David Goss for his insistence that I consider 
the decomposition in isotypical components of the "class module" of [16] and [15J , 
and to the referee for several useful suggestions. The author is supported by a grant 
of the Netherlands Organisation for Scientific Research (NWO). 

2. Tables of small irregular primes 

The results of section[Tn]indicate a method for computing the modules H^(Yh, C[p]^) 
with their G-action in terms of finite-dimensional vector spaces of differential forms 
on the compactification X of Y. 

Assisted by the computer algebra package MAGMA we were able to compute 
them in the following ranges: 

(1) q ^2 and degp < 5; 

(2) (7 = 3 and degp < 4; 

(3) q = 4 and degp < 3; 

(4) q = 5 and degp < 3. 

In all these cases H^(yfi, C[p]'^) turns out to be at most one-dimensional, and to 
fall in the x"~^-component with n divisible by g — 1 (and hence with p dividing 
BCn-) In particular we have not found any counterexamples to Question [T] 

In tables 1-3 we list all cases where the cohomology group is nontrivial. For 
q~b and degp < 3 the group turns out to vanish. In the middle columns, only n 
in the range 1 < n < q'^'^^ f are printed. 



p 


{n:p 1 BCn} 


dimHi(rfl,C[p]D) 


{^" + 1 + 1) 


{9} 


1 



Table 1 . All irregular primes in F2 [t] of degree at most 5 



3. Notation and conventions 

Basic setup, fc is a finite field of q elements, p its characteristic. A = k[t] and 
p C A a nonzero prime. These data are fixed throughout the text. We denote by d 
the degree of p, so that A/p is a field of q'^ elements. 

The Carlitz module. The Carlitz module is the j4-module scheme C over Spec A 
defined in Definition [TJ 

Cyclotomic curves and fields. K is the fraction field of A, and L/K the splitting 
field of C[p]if- The integral closure of A in L is denoted by i?, and Y = SpecR. 
We denote by ^ C i? the unique prime lying above p C A. 

Sites. For any scheme S we denote by Set the small etale site on S and by S'fi 
the flat site in the sense of [H]: the category of schemes locally of finite type over S 
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p 


[n : p 1 BCn] 


dimHi(YH,Cfpl°) 


{t''-t + 1) 


{10} 


1 


it'-t-l) 


{10} 


1 




{40} 


1 




{32} 


1 


it^ -t^ -e + t-i) 


{32} 


1 


+ 1^ + 1^ + 1) 


{40} 


1 


{t'^ + e - e -t-i) 


{32} 


1 




{40} 


1 


Table 2. All irregular primes in ¥^\t 


of degree at most 4 



{t^ + a) 

{t^ + aH"^ + at + q;2) 
{t^ + at^ + a^t + a) 
{t^ + ai^ + aH + a^) 



{n:p\BCn] I dimHi(yfl,C[p]P) 



{33} 
{33} 
{33} 
{33} 
{33} 
{33} 
{33} 
{33} 



Table 3. All irregular primes in F4[t] of degree at most 3 (with 
F4 = F2(a)). 



where covering families are jointly surjective families of flat morphisms. For every 
S there is a canonical morphism of sites / : S'a ^ 5et • Any commutative group 
scheme over S defines a sheaf of abelian groups on 5fl and on S'et- 

Cartier dual. If G is a finite flat commutative group scheme, then denotes 
the Cartier dual of G. 

Frobenius and Cartier operators. For any fc-scheme S we denote by 

F: Ga,s Ga,s, xt-^x" 
the g-power Frobenius endomorphism of sheaves on Sa or S'et, and by 

c: Sis ^ 

the g'-Cartier operator of sheaves on 5et- If q = with p prime this is the r-th 

power of the usual Cartier operator. The endomorphism c satisfies cif^oj) = /c(a;) 
for all local sections / of Os and ui of fig. In particular it is fc-linear. 

4. Overview of the proof 
Choose a generator A of C[p](i). It defines a map of finite fiat group schemes 

A: {A/p)y^C[p]y 
which is an isomorphism over Y — It induces a map of Cartier duals 

C[p]° (A/p)^ 
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and a map on cohomology 

Hi(yfl,c[p]°)^Hi(rfl,(A/p)D). 

This map is not G-equivariant (since A is not G-invariant), but rather restricts for 
every n to a map 

(1) Hi(rfl,G[p]°)(x"-^) ^Hi(y«,(A/p)D)(;^«). 

We will see in section [6] that there is a natural G-equivariant isomorphism 

Hi(rfl,(A/p)D) ^ A/p ri^^ 

where ^'^^ is the fc-vector space of q-Cartier invariant Kahler differentials. Also, 
we will see that the Kummer sequence induces a short exact sequence 

(2) A/p (8>z r{Y, O^) ^ A/p ®fe fir' ^/P (Pic Y)[p] 0. 

Note that the residue field of the completion i?(p is A/p, so i^qj is naturally an 
A/p-algebra. In particular, for all m the i?-module is naturally an A/p- 

module. Using this the quotient map — » extends to an A/p-linear 

map 

A/p ®fe Hr r!fl/q3"r!«. 

In section ^we will use the results on flat duality of Artin and Milne [3] to show 
the following. 

Theorem 2. For all n the sequence of A/p -vector spaces 

B\Yfi,C[pf )ix^-') A A/p ®fc ntHxn nn/^'^"nn 

is exact. 

The function A is invertible on F — *p. Consider the decomposition of 1 (x) A e 
A/p €3z r(y — ^, Oy) in isotypical components: 

i®A=^A„ with A„ e A/p®zr(r-<p,0^)(x"). 

n=l 

The homomorphism dlog: i?^ — > flji extends to an A/p-linear map 

A/p®zr{Y,0^) ^nn. 

Inspired by Okada's construction |12) of a Kummer homomorphism for function 
fields we prove in section |8] the following result. 

Theorem 3. If I < n < q'^ - I then A„ G A/p ®z r(F, Oy) and the following are 
equivalent: 

(1) p divides BCn', 

(2) dlog A„ lies in the kernel of A/p ®fc Vtji Vtji/^'' Vtji. 

It may (and does) happen that A,i vanishes for some n divisible by q—1. However, 
the following theorem provides us with sufficient control over the vanishing of A„. 

Theorem 4. // n is divisible by q — 1 but not by q'^ — 1 then the following are 
equivalent: 

(1) A„ - 0; 

(2) A/P0F, (Picy)W(x")7^0. 
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The proof is an adaptation of work of Galovich and Rosen |4j, and uses L- 
functions in characteristic 0. It is given in section |9l 

Assuming the three theorems above, we can now prove the main result. 

Proof of Theorem [H Assume q — 1 divides n and p divides BCn ■ We need to show 
that H^(yfl, C[p]°)(x^~") is nonzero. Being a (component of) a differential loga- 
rithm dlog A„ is Cartier-invariant and Theorem [3] tells us that 

dlogA„ e A/p®fc r!r'(x") 

mapsto0in^7fl/<p9''^J^. If A„ ^ then by Theorem^we conclude that Hi(rfl, C[p]°)(x""^) 
is nonzero and we are done. So assume that A„ = 0. Consider the short exact se- 
quence ([2]). By Theorem |4] we have that 

dim^/p A/p (g,F, (Picr)[p](x") > 1, 

and since A/p (E)z r(F, C'y)(x") is one-dimensional, we find that 

dini^/pA/p®fe n'j^Hx") > 2. 

But fla/^'^ f2fl(x") is one-dimensional, so it follows from Theorem [2] that 

Hi(yfl,C7[p]D)(x"-^)7^0. 

Conversely, assume that q—1 divides n and p does not divide BCn- Then 
Theorem [3] guarantees that dlog A„ is nonzero and it follows from Theorem U] and 
the short exact sequence ([2]) that 

dim A/p (g,k Or'(x") = 1. 
Therefore A/p ^'^r^{x") is generated by dlog A„ and since the image of dlogA„ 
in f2fl/*p9''fifl is nonzero we conclude from Theorem H that Hi(yfl, C[p]°)(x""^) 
vanishes. □ 

5. Flat duality 

In this section we summarize some of the results of Artin and Milne [3] on duality 
for flat cohomology in characteristic p. 

Let S" be a scheme over k and V a quasi-coherent Os-module. Then the pull-back 
F*V of V under F: S S is a, quasi-coherent Os-module and there is a /c-linear 
(typically not Os-linear) isomorphism 

F:V — > F*V 

of sheaves on Sfi. 

If S is smooth of relative dimension 1 over k then the g-Cartier operator induces 
a canonical map 

c: ■Hom{F*V, rig/,) Hom{V, ^s/k) 

of sheaves on Set ■ 

Recall that the we denote the canonical map Sa Set by /• 

Theorem 5 (Artin & Milne). Let S be smooth of relative dimension 1 over Specfc. 
Let 

(3) — >G — >V°-^F*V — >0 

be a short exact sequence of sheaves on Sfi with 
(1) V a locally free coherent Os-module; 
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(2) a: V ^ F*V a morphism of Os -modules . 
Then G is a finite flat group scheme and there is a short exact sequence 

(4) RV*GD nom{F*V, fls/k) nom{V, l^s/fe) ^ 

of sheaves on Set, functorial in Moreover, for all i ^ \ one has Wf^fG^ = 0. 

Proof. Locally on S, we have that G is given as a closed subgroup scheme of G" 
defined by equations of the form FX — aX = 0. In particular G is flat of degree 
gikv rpj^g Cartier dual G^ of G is a finite flat group scheme of height 1. 

If q is prime then the existence of ^ is shown in [Sj §2]. One can deduce the 
general case from this as follows. Assume n is a positive integer, and assume given 
a short exact sequence 

— >G — >V T (i^")*V — > 
of sheaves on Sa, with a: V — ?> (F")*V a Og-linear map. Define 

V' V©i^*V©---©(F"-i)*V. 
The map a induces an Og-linear map 

a':V' — > F*V' 

defined by mapping the component V to the component {F")*V using a, and map- 
ping all other components to zero. We thus have a short exact sequence 

O^G^V' F*V' 
and one deduces the theorem for F" from the theorem for F. □ 
Example 5.1. If fc = Fp then the Artin-Schreier exact sequence 

Z/pZ Ga '-^ G, 
on Sfi induces a dual exact sequence 

— > RV*A*p — ^ ^s/k ^ ^s/k — > 
on Set, and the exact sequence 

— > ap — > Ga — ^> Ga — > 
on Sfi induces a dual exact sequence 

— > RV*ap — > i^s/k ^s/k — > 

on Set- 

6. Flat cohomology with (A/p)^ coefficients 
The constant sheaf A/p on Yfl has a resolution 

>A/p > A/p (E)k Ga^Y A/p (g>k Ga,Y — > 

so by Theorem Owe have R*/*(A/p)° = for i 7^ 1, and RV,(A/p)° sits in a short 
exact sequence 

1 rV*(^/p)° A/p ny A/p ny 

of sheaves on Y^t- Taking global sections now yields an isomorphism 
ll\Yn,{A/pf)^A/p ®, n'j^/l 
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where il^l/fc denotes the /c-vector space of Cartier-invariant Kahler differentials. 
On the other hand, we have a natural isomorphism 

(A/p)D ^ A/p fip, 

of sheaves on la and the Kummer sequence 

1 > /ip > G,n ^ Gm > 1 

gives rise to a short exact sequence 

(5) 0^ A/p(g>zr{Y,0^) ^ll\Yfi,{A/pf) ^ A/p®F^ {Pic Y)[p] ^ 0. 
The proof of Theorem [5] shows that the resulting composed morphism 

A/p ®z r(r, O^) R\Ya, (A/pf) ^ A/p 0^ 17^' 
is the map induced from 

dlog: r{Y, O^) ^ l^JT' • " ^ 
so that (O becomes the short exact sequence 

7. Comparing {A/p)^ and C[p]°-coefficients 

Choose a nonzero torsion point A G C[p]{L). Then A defines a morphism 
{A/p)y — > C[p]y and hence a morphism of Cartier duals 

C[p]D ^ (A/p)°. 
Let *p G F be the unique prime above p C A. We have *P = i?A. 
Proposition 2. T/ie sequence 

(6) ^ RV*C[p]° A RV*(A/p)° ^ nyf^^'nY — ^ 0, 

of sheaves on Y^t is exact and if i ^ 1 then R*/h.C'[p]'^ = 0. 

Note that for all N the sheaf f2y/*p^r2y on Y^ is naturally a sheaf of A/p- 
modules. The middle map in the proposition is the composition 

R%iA/pf A/p <g>k riY l}y/*P«'l}y. 
Taking global sections in ([6|) we obtain an exact sequence of A/p-vectoT spaces 

ll\Yfi, C[p]P) A A/p n'jf^ nn/^'^'nR 

and considering the G-action on A we see that Proposition [5] implies Theorem [5J 
As one may expect, the proof of Proposition [5] relies on a careful analysis of the 

group scheme C[p]y near the prime ^. 

Let s — i> y be a geometric point lying above ^ ^Y, 

Lemma 1. There is an etale neighborhood V ^Y of s and a short exact sequence 

^ C[p]v Ga^v ^''l^^' G,,v' 
of sheaves of A/p -vector spaces on Vfl. 
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Proof. Let Oy.s be the etale stalk of Oy at s (a strict heiiselization of Oy.qj) and 
let S — Spec Oy,s- We have that C[p]5 is a finite flat A/p-vector space scheme of 
rank q"^ over S, etale over the generic fibre. Such vector space schemes have been 
classified by Raynaud [f 3, §f .5] (generalizing the results of Oort and Tate [17J). Let 
q ~ with p = charfc, then the classification says that C[p]5 is a subgroupscheme 
of G'[f given by equations 

— aiXi^i 

for some Ui G Oy,s, and where the index i runs over Z/rdZ. Since the special 
fibre of C[p]5 is the kernel of F"^ on Ga, we find that all but one are units. In 
particular, we can eliminate all but one variable and find that C[p]5 sits in a short 
exact sequence 











C[p]s Ga,5 "-^ G,,5 

for some a G Oy.s, well-defined up to a unit. We claim that a — X"^ (up to a 
unit). To see this, we compute the discriminant of the finite flat S'-scheme C[p]5 
in two ways. On the one hand C[p]5 is defined by the equation X'^ — aX , with 
discriminant a'** (modulo squares of units). On the other hand, C[p] is the p-torsion 
scheme of the Carlitz module and hence it is given by an equation 



X" +bd-iX'' 



bnX 



with bi £ A, and with bo a generator of p. In this way we find that the discriminant 

d 

equals 6q (modulo squares of units). Comparing the two expressions we conclude 
that we can take a = A' which proves the claim. 

To finish the proof it suffices to observe that this short exact sequence is already 
defined over some etale neighbourhood V ^ Y oi s. □ 

Using this lemma we can now prove Proposition [2] 

Proof of Proposition\^ Let V be as in the lemma and U '.— Y — Then {C/, V} 
is an etale cover of Y and it suffices to prove that the pull-backs of ^ to U^t and 
Vet are exact. 

The pull-back to Uct is the sequence 

^ K'fMp]"^ ^ rV*(^/p)° 

which is exact because A: {A/p)jj C[\)]u is an isomorphism of sheaves on Un- 
For the exactness over Vet, consider the commutative square 



Ga,V 
X 



Ga,V 



Ga y > Gay 



It extends to a map of short exact sequences 







iA/p)v 



C[ph 



-> Gay 

X 



l-F" 



Gay 

X"' 







Ga, 



V 



> Ga. 



V 



-> 
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and without loss of generality we may assume that the leftmost vertical map is the 
one induced by A. Now Theorem [5] (with k, F, and 5* replaced by A/p, F'^ and V) 
yields a commutative diagram of sheaves of A/p- vector spaces on V^t with exact 
rows: 



> Ri/*C[p]° > VLv ' ilv > 



4 1-^ 



> Ri/,(A/p)D > nv nv > 

(where by abuse of notation, we denote the canonical maps of sites Vfi —> Vet and 
Yfi — > Yet by the same symbol /.) This shows that on Vet we have an exact sequence 

so the pullback of ([6]) to Vd is exact. □ 

8. A CANDIDATE COHOMOLOGY CLASS 

Let A e i? be a primitive p-torsion point of the Carlitz module. Consider the 
decomposition 

1 (g) A = ^ Xn 

in A/\) ®x ~ Oy)- 111 this section we will prove Theorem [31 which states 
that for 1 < n < g'' — 1 we have 

A„ e A/p®r(y,o^) 

and that the following are equivalent 

(1) p divides i?C„; 

(2) dlog A„ hes in the kernel of A/p — » Vt^J'^'i'^ VIb.- 
We start with the first assertion. 

Proposition 3. // 1 < n < g'' - 1 then A„ G A/p ®z r(r, 0^). 

Proof. For all integers n we have 

A„ = -5]x(5)-"®5A. 

see 

If moreover n is not divisible by g'' — 1 then X]gGG^(-9)~" = so that we can 
rewrite the above identity as 

A„ = -Ex(.9)-"®y. 

Since the point *p is fixed under G it follows that for all g G G one has that 5 A/ A 
has valuation at *p and therefore for all 1 < n < g"* — 1 we have 

A„ e A/p®r(y,e)^), 

as was claimed. □ 

Now let Lqj be the completion of L at *p and m the maximal ideal of its valuation 
ring Oy,p. Note that m = (A). 

Consider the quotient m/m'^ . It carries two A-module structures: 
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(1) the linear action coining from the A-algebra structure of Oysp; 

(2) the Carlitz action defined using tp. 

Also, the Galois group G acts on m/m'^ and the action commutes with both A- 
module structures. 

Lemma 2. Both actions on m./xn'^^ factor over A/ p. 

Proof. Note that pOytp = m''''^^. In particular the assertion is immediate for the 
linear action. For the Carlitz action, consider a generator / of p. Then 

ifif) = ao + aiF + • • • + aa-iF"-^ + 

with at G p for all i. From this it follows that maps m C Oyrp into m'?'*, as 
desired. □ 

The Carlitz exponential series 

oo 

e(z) = ^ e„z" e 

n=l 

has the property that for all n < q"^ the coefficient e„ is p-integral, so the truncated 
and reduced exponential power series 

e(z)= ^e„2"e(A/p)[[z]]/(z'^') 

n=l 

defines a fc-linear map 

e: m/m'^ m/m'^ 

which is an isomorphism because it induces the identity map on the intermediate 
quotients mYm*+^. Note that e is G-equi variant, as the coefficients of the Carlitz 
exponential lie in K. 

Lemma 3. For all x e m/m'? and a E A we have e{ax) = ip{a)e{x). 
Proof. In ^'[[z]] we have the identity 

e{tz) = te{z) + e(z)9 

of formal power series. Identifying coefficients on both sides we find that in (A/p)[[z]]/ (z*'' 
we have 

e{tz) = ie(z) + e(z)«, 
and we deduce that for all a £ A and x G m/m'^'^ we have e{ax) — ip{a)e{x). □ 

Put 7f := e~-'^(A), where A is the image of A G m in m/m' . 

Lemma 4. For all g £ G we have gn — xid)^- 

In other words n G m/m'^ (x)- 

Proof of Lemma^ Let g £ G and a G A be so that a reduces to g in G ~ (A/p)^ . 
Since A is a p-torsion point of the Carlitz module we have that 

gX = ip{a)X. 

Applying to both sides we find with Lemma [3] that 

gn = an 

and by definition an equals x(ff)^- I— ' 
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Choose a lift tt e m of tt such that gir = x(5)''' for all g. Then tt is a uniformizing 
element of Lp. 

Proposition 4. Let 1 < n < q"^ — 1. Then 

dlog A„ = (BC„7r" + 5) dlogTT 

for some S G m"+'''^^. 

Proof. Since A = e(7f) we have in Oyfp the identity 

A - ^ e„7r" + 5i 

n=l 

for some (5i G . Since d7r" = for any n divisible by q we find 

dA = (1 + (52)d7r 
for some 62 G tn' . Dividing both expressions we find 

dlogA = BCnTT'' + 53 dlogTT 

for some 63 G xn'' Now the proposition follows from decomposing this identity in 
isotypical components, since dlogTT is G-invariant and gi: = xi9)'^ for 9 ^ G. □ 

We can now finish the proof of Theorem |31 

Proof of Theorem\^ If n > 1 then the Theorem follows from the above proposition. 
If n = 1 we consider two cases. Either q> 2 and then SCi = and dlog A 1 = 0, 
or else q = 2 and then p does not divide BCi and from the above Tr-adic expansion 
we see that dlog Ai does not map to zero in £7^/*^'? flu. In both cases the theorem 
holds. □ 

9. Vanishing of A„ 

Let W be the ring of Witt vectors of A/p. For a G {A/p)^ we denote by a G 
the Teichmiiller lift of a. Also, we denote hy x- G —?' the Teichmiiller lift of 
the character x- G (A/p)^. If M is a WfGJ-module then it decomposes into 
isotypical components 

M = Mir) 

with G acting via x" on Af (x"). 

Put U ■.= W Oz r(F, ) and let D be the W^-module of degree zero W^-divisors 
on X — y. Then we have a natural inclusion U ^ D with finite quotient. Consider 
the decomposition of 1 A G ® r{Y — *p, Oy) in isotypical components: 

10A==^A„ with A„ G VK(g)zr(r-'P,0^)(x"). 

n=l 

We have 

see 
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and for 1 < n < q'' — 1 we have that A„ hes in C/(x") and it maps to A„ under the 
reduction map 

[/^ A/p®zr(y,o^). 

If n is divisible by g — 1 but not by (z'' — 1, the M^-modules and J7(x") are 

free of rank one. In particular 

A„ = if and only if — ^ ^ 0, 

and Theorem m follows from the following. 

Proposition 5. Let n he divisible by q — 1 but not by q"^ — 1. Then the finite 
W -modules 

and 

have the same length. 

Proof. Let X be the canonical compactification of Y. Since we have a short exact 
sequence of W-modules 

-^W^z (Pic°X)(x") ^W^z (PicF)(x") 0, 

it suffices to show that 

and M^®z(Pic°X)(x") 

W An 

have the same length. By Goss and Sinnott [5] the length of W ®z (Pic" -'^)(x") 
is the p-adic valuation of G W. We will show that also the length of 

D{x^)/W\n equals the p-adic valuation of L(l, 

Since n is divisible by g — 1, the representation x^" is unramified at oo. Since all 
the points of X lying above oo are fc-rational, the local L- factor at oo of L{T, x ") 
is (1 — T)^^. Since n is not divisible by g'' — 1, the representation is ramified at 
p and hence the local i-factor at p is 1. Recall that for a prime q C A coprime 
with p we have that x(Frobci) is the image of the monic generator of q in (A/p)^. 
Together with unique factorization in A we obtain 

L(r, X"") = (1 - T)-^ ~-«ydoga^ 

where is the set of monic elements of A. In fact it is easy to see that for to > d 
the coefficient of T™ in the sum vanishes, so we have 

(7) L(r,X"") = (1 ^ ^-nj^dcga^ 

where A'^'^ is the set of monic elements of degree smaller then d. 
Since n is divisible by g — 1 we have 



gr - 1 ^ 
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We conclude from ([7]) that 
Consider the function 

deg: G'^{0,l,...,d-1} 

which maps g G G to the degree of its unique representative in A'^'^ . Then the 
above identity can be rewritten as 



By [U p. 372] there is a point in X — Y with associated valuation v and integers 
u, w with (m, p) = 1 such that 

v{gX) = udegg + w 
for all 5 G G. The valuation v extends to an isomorphism of T^-modules 

v. D{f') W, 

and we have 

geG 

see 

- w(g-l)L(l,r")- 

In particular, the length of _D(x")/A,i is the p-adic valuation of L(l,x^") and the 
proposition follows. □ 



10. Complement: the class module of Y 

Let L be an arbitrary finite extension of K and R the integral closure of A in L. 
Put Y = Spec R. In [16J and |15j we have given several equivalent definitions of a 
finite A-module H{C/Y) depending on Y , that is analogous to the class group of 
a number field. One of these definitions is the following. 

Let X be the canonical compactification of Y and let oo be the divisor on X of 
zeroes of 1/t G L. (This is also the inverse image of the divisor oo on P^.) Then 
H{C/Y) is defined by the exact sequence 

(8) A®k'R\X,Ox) ^ A^k-R^X.Oxioo)) ^ H{C/Y) 

where 

d = l®{t + ¥) -t®l. 
Theorem 6. Let I <Z A he a nonzero ideal. Then there is a natural isomorphism 

\l\Yi,,C[lfY ^H{C/Y) ®A All 
where (— )^ denotes the k-linear dual. 
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Proof. The starting point of the proof is the exact sequence of sheaves of ^-modules 

O^A<g>kGa^A(g>kGa^C^O 

with d{a (E> f) ~ a ^ [f^ + tf) ~ ta® f and with a{a ® /) = (p{a)f. From this we 
derive a short exact sequence 

C[I]y A/I ®fe G, A A/I G, 0. 
Using Theorem [5] we obtain a dual resolution: 

— y rV*C[/]° — > A/ 1 ®fc a A/I ®fe — > 

of sheaves of A- modules on Yd, where d* — 1 ® {t + c) ~ t (g) 1. Since R'/*C[/]° — 
for i ^ 1, taking global sections we obtain an exact sequence of A- modules 

(9) ^R\Yn,C[lf) ^ A/I ®kr{Y,nY) ^ A/I ®knY,nY). 
Now we claim that the natural inclusion of the complex 



in the complex 



A/I ®k T{X, nx{~oo)) A A/I ®fc T{X, Qx) 



A/ 1 ®k r(F, fly) A A/ 1 ®k r(r, ^y) 



is a quasi-isomorphism. Indeed, the quotient has a filtration with intermediate 
quotients of the form 

r(x,r!x(n^)) d\ r(x,i]x((n + i)(^)) 

r(X,17x((n-l)oo)) ^ "^/^ r(X,f]x(noo)) 

with n G Z>o. On these intermediate quotients we have that 1 (g) c and t ®\ are 
zero, so that d* = 1 ® t, which is an isomorphism. 
Hence we obtain from ([9]) a new exact sequence 

Q ^Y{\Yn,C[lf) ^ A/I ®kT{X,nx{~^)) ^ A/I ®kT{X,nx). 

Under Serre duality the g-Cartier operator c on U,x is adjoint to the gr-Frobenius F 
on Ox ; so we obtain a dual exact sequence 

A/I®k ^\X,Ox)^ A/I®k Hi(X,Ojf(oo)) ^Hi(yfi, C[J]°)^ ^0. 

Theorem |6] now follows by comparing this sequence with the sequence obtained by 
reducing ^ modulo /. □ 
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